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COMPLETENESS OF EXPONENTIALS AND BEURLING’S THEOREM
REGARDING FOURIER TRANSFORM ON Rn AND Tn
SANTANU DEBNATH AND SUPARNA SEN
Abstract. A classical result of A. Beurling gives a relation between the decay of a complex Borel
measure on R and the vanishing set of its Fourier transform. We prove several variable analogues of
this result on the Euclidean space Rn and the n-dimensional torus Tn. We also prove some results
on the well known weighted approximation problem of exponentials on Rn and Tn by establishing
an equivalence with Beurling’s theorem.
1. Introduction
Several classical results (referred as uncertainty principles in general) in harmonic analysis deal
with the phenomenon that a function on the real line and its Fourier transform cannot simulta-
neously be ‘small’, for example if one decays rapidly at infinity then the other cannot vanish on a
‘large set’ unless both vanish identically. As a manifestation of this fact, we note the following: if
a function f on R satisfies the estimate
|f(x)| ≤ e−|x|, for all x ∈ R,
and its Fourier transform f̂ vanishes on a set of positive Lebesgue measure, then f is zero almost
everywhere. This is due to the fact that here f̂ turns out to be holomorphic on a domain containing
the real line because of the rapid decay on f. The same conclusion holds if we interchange the
conditions on f ∈ L1(R) and f̂ . So it is natural to study the interrelation of the optimal nature of
the set on which one vanishes and the allowable decay of the other.
Plenty of classical literature is available on this [1, 4, 5, 6, 7] which studied results of this kind
on the real line R. Among these results, perhaps the most general one is due to Beurling [1, 5]:
Theorem 1.1 (Beurling). Let µ be a complex Borel measure on R such that∫ ∞
0
1
1 + x2
log
(
1∫∞
x
|dµ(t)|
)
dx =∞,
where |dµ(t)| = d|µ|(t), |µ| being the total variation of the measure µ. If the Fourier transform µ̂
of µ vanishes on a set Λ of positive Lebesgue measure in R, then µ is identically zero
As a corollary of Beurling’s Theorem on R (Theorem 1.1), we also have the following result (see
[1, 5]) on the circle group T:
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Theorem 1.2 (Beurling). Let f ∈ L2(T) satisfy
∞∑
k=0
1
1 + k2
log
(
1∑∞
m=k |f̂(m)|
2
)
=∞,
where f̂(k) denote the Fourier coefficients of f. If f vanishes on a set of positive Lebesgue measure
in T, then f is zero almost everywhere.
Recently the classical results due to Ingham, Levinson and Paley-Wiener have been extended to
the Euclidean space Rn and the torus Tn in [2]. Along similar lines, we have proved several variable
analogues of Beurling’s Theorem on Rn (Theorem 2.5) and Tn (Theorem 3.4) in this paper. We
note here that Beurling’s result can be considered as a straightforward generalization of Levinson’s
result, which considers functions vanishing on open sets instead of positive Lebesgue measure sets
in R. We recall that the approach to the extension of Levinson’s theorem on Rn (see [2]) and some
other noncommutative setting relies heavily on an alternative proof suggested in [5] where it was
shown that the theorem of Levinson can also be obtained as a consequence of completeness of linear
span of exponentials in certain normed linear space of continuous functions. This leads us to the
famous weighted approximation problem regarding completeness of exponentials.
Several versions of this problem and its multiple reformulations have been studied throughout
the last century by many prominent mathematicians including Akhiezer, Bernstein, de Branges,
Krein, Koosis, Levinson, Mergelyan and many others. This is still a very active area of research
with more recent significant contributions by Bakan, de Jeu, Poltoratski among others. Besides the
inherent beauty of the original problem, such an extensive interest is largely because of its numerous
links with other areas of classical analysis such as spectral problems for differential operators, gap
and density problems, type problem etc. There is still a lot to be explored in these areas and the
connections between them.
In the study of weighted approximation problem on Rn, we start with a function ψ : [0,∞) →
[0,∞) such that ψ(x)→∞ as x→∞. We then define a weighted space of continuous functions
Cψ(R
n) =
{
f : Rn → C : f is continuous and lim
|x|→∞
f(x)
eψ(|x|)
= 0
}
,
equipped with the weighted uniform norm
‖f‖ψ = sup
x∈Rn
|f(x)|
eψ(|x|)
, for f ∈ Cψ(R
n).
For Λ ⊂ Rn, we consider the linear span of the exponential functions given by
ΦΛ(R
n) = span{eλ : λ ∈ Λ},
where eλ(x) = e
−iλ·x for x ∈ Rn. A version of the weighted approximation problem deals with
the conditions on Λ ⊂ Rn and ψ, for which the space of exponentials ΦΛ(R
n) is dense in Cψ(R
n).
Another version of this problem is to study approximation using Lp norms with respect to a
finite positive measure µ. In this version, one studies conditions on Λ ⊂ Rn and µ that ensure
completeness, that is, density of ΦΛ(R
n) in Lp(Rn, µ). For some results of this type, see [3, 5, 9].
Similar questions may arise in the context of the torus Tn. We have proved some results of this
genre on Rn (Theorem 2.3 and Theorem 2.4) and Tn (Theorem 3.3) in this paper.
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In [2, 5], we have seen that the theorem of Levinson was obtained as a consequence of the
density of ΦΛ (for an open set Λ) in (Cψ, ‖·‖ψ) (for ψ increasing and satisfying certain integrability
condition). So while attempting to prove a several variable version of Beurling’s Theorem, it is
natural to seek an analogous exponential density result for a set Λ of positive Lebesgue measure
in R. Quite surprisingly, we have been able to prove such an exponential density result (Theorem
2.2) as a consequence of Beurling’s result on R (Theorem 1.1). This also establishes an equivalence
between the above two problems of different genre. In fact, both of these results are true for more
general Λ, that is, a set Λ whose closure Λ is of positive Lebesgue measure in R. Similar ideas have
been used to prove analogous results in Rn and Tn.
This paper is organised as follows: The next section is devoted to the results on Rn. First,
Beurling’s theorem on R is restated (Theorem 2.1) in a way similar to Levinson’s Theorem along
with a short proof. Next, an exponential density result (Theorem 2.2) is proved on R using the
explicit definition of the dual of (Cψ, ‖·‖ψ) calculated in Lemma 2.1. Following standard techniques,
the exponential density result is extended to Rn (Theorem 2.3). Next, following a well-known
result by A. Bakan, another version of an exponential density result (Theorem 2.4) is proved on
Rn. Thereafter, Beurling’s theorem on Rn (Theorem 2.5) is proved using Lemma 2.1 and Theorem
2.3. As a consequence of Theorem 2.4, another version of Beurling’s result (Theorem 2.6) is also
obtained. In the last section, the analogous results on Tn are proved. After restating Beurling’s
theorem on T (Theorem 3.1), the dual of the space of sequences (cψ(Z
n), ‖ · ‖ψ) is calculated in
Lemma 3.1. Using this, an exponential density result (Theorem 3.2) is proved on T. Thereafter,
the exponential density result is extended to Tn (Theorem 3.3). Next, a result (Lemma 3.2) on
positive rectangle type sets (to be defined subsequently) is proved. Finally, Beurling’s Theorem on
Tn (Theorem 3.4) is proved using Lemma 3.1, Lemma 3.2 and Theorem 3.3.
We will adopt the following notation and convention throughout this paper: The Lebesgue
measure of a set E ⊂ R is denoted by m(E) but for convenience dx will be used instead of dm(x).
For a Banach space X endowed with a norm ‖ · ‖, the dual of X is defined to be the set of all
bounded linear functionals on X denoted by (X, ‖ · ‖)∗. The space of all smooth functions on X is
denoted by C∞(X) and C∞c (X) denotes the space of all smooth, compactly supported functions
on X. The open ball of radius l > 0 centered at a in Rn is denoted by B(a, l). For x, y ∈ Rn, |x| is
used to denote the Euclidean norm of the vector x and x · y to denote the Euclidean inner product
of the vectors x and y.
2. On the Euclidean space Rn
This section is broadly divided into two subsections. In the first subsection our aim is to prove
some results on density of exponentials in certain Banach spaces of functions on Rn (Theorem 2.3
and Theorem 2.4). We will use Beurling’s result on R (Theorem 1.1) for proving these results.
In the second subsection, we will use the exponential density results from the first subsection to
prove several variable analogues (Theorem 2.5 and Theorem 2.6) of Beurling’s one-variable result
(Theorem 1.1). In this way the results on density of exponentials are equivalent to Beurling’s
theorem.
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First we will restate Beurling’s result in a way similar to Levinson’s Theorem (see [2]). Here the
Fourier transform µ̂ of a complex Borel measure µ on R is defined by
µ̂(λ) =
∫
R
e−iλtdµ(t), for λ ∈ R.
Theorem 2.1. Let ψ : [0,∞)→ [0,∞) be an increasing function and µ be a complex Borel measure
on R satisfying the following conditions:
(2.1)
∫ ∞
0
eψ(|x|)|dµ(x)| <∞,
(2.2)
∫ ∞
0
ψ(x)
1 + x2
dx =∞.
If µ̂ vanishes on a set Λ ⊂ R such that Λ is of positive Lebesgue measure in R, then µ is identically
zero.
Proof. Since ψ is increasing on [0,∞) we have for all x ≥ 0,
eψ(x)
∫ ∞
x
|dµ(t)| ≤
∫ ∞
0
eψ(|t|)|dµ(t)|.
From (2.1), it follows that for all x ≥ 0, there exists a constant C > 0 such that∫ ∞
x
|dµ(t)| ≤ Ce−ψ(x).
Since log is an increasing function, we get that∫ ∞
0
1
1 + x2
log
(
1∫∞
x
|dµ(t)|
)
dx ≥ C
∫ ∞
0
ψ(x)
1 + x2
dxdx.
So by equation (2.2), we conclude that∫ ∞
0
1
1 + x2
log
(
1∫∞
x
|dµ(t)|
)
dx =∞.
Since µ̂ is a continuous function, we get that µ̂ vanishes on Λ, a set of positive Lebesgue measure
in R. Hence the result follows from Theorem 1.1. 
Remark 2.1. It is interesting to note that the result is true even for those µ, for which µ̂ vanishes
on a set Λ of zero Lebesgue measure in R, if its closure Λ is of positive Lebesgue measure.
2.1. Density of Exponentials. We consider the space of exponentials ΦΛ(R
n) and the weighted
space of continuous functions Cψ(R
n) defined in the introduction. Since we assume that ψ(x)→∞
as x → ∞, it is easy to see that for any Λ ⊂ Rn, ΦΛ(R
n) is a subspace of Cψ(R
n). For a finite
positive measure µ on Rn, ΦΛ(R
n) is also a subspace of Lp(Rn, µ), the space of all Lp functions on
Rn with respect to the measure µ. It is a well known problem in harmonic analysis to study for
which Λ ⊂ Rn the space of exponentials ΦΛ(R
n) is dense in certain Banach spaces. We will prove
two such results (Theorem 2.3 and Theorem 2.4) in this subsection, for the Banach spaces Cψ(R
n)
and Lp(Rn, µ).
We will calculate (Cψ(R
n), ‖ · ‖ψ)
∗ explicitly for continuous ψ in order to prove our result. Let
C0(R
n) denote the Banach space of all continuous functions on Rn vanishing at infinity with respect
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to the supremum norm ‖ · ‖∞ and M(R
n) denote the collection of all complex Borel measures on
Rn, which is the dual of (C0(R
n), ‖ · ‖∞). Using this fact, we prove the following lemma:
Lemma 2.1. If ψ is a non-negative continuous function on [0,∞), then (Cψ(R
n), ‖·‖ψ) is a Banach
space isometrically isomorphic to (C0(R
n), ‖ · ‖∞) and its dual is given by
(Cψ(R
n), ‖ · ‖ψ)
∗ =
{
β ∈ M(Rn) :
∫
Rn
eψ(|x|)|dβ(x)| <∞
}
.
Proof. For f ∈ C0(R
n), using the continuity of ψ, we define a function fψ ∈ Cψ(R
n) by
fψ(x) = f(x)e
ψ(|x|), for x ∈ Rn.
Thus we get a bijective linear map Aψ : C0(R
n)→ Cψ(R
n) such that Aψ(f) = fψ. It is easy to see
that the map Aψ is also an isometry from the Banach space (C0(R
n), ‖ · ‖∞) onto (Cψ(R
n), ‖ · ‖ψ).
From this, we get a natural bijection between the respective dual spaces, given by
(Cψ(R
n), ‖ · ‖ψ)
∗ → (C0(R
n), ‖ · ‖∞)
∗
T 7→ T ◦ Aψ.
We know that, (C0(R
n), ‖ · ‖∞)
∗ = M(Rn) in the sense that, corresponding to a given bounded
linear functional T0 on C0(R
n) there is a unique α0 ∈ M(R
n) such that
T0(f) =
∫
Rn
f(t) dα0(t), for all f ∈ C0(R
n).
It follows that for T ∈ (Cψ(R
n), ‖ · ‖ψ)
∗, we get α ∈ M(Rn) such that
T (g) = (T ◦ Aψ)(g−ψ) =
∫
Rn
g(t)
eψ(|t|)
dα(t) =
∫
Rn
g(t) dβ(t), for g ∈ Cψ(R
n),
where g−ψ = A
−1
ψ (g) ∈ C0(R
n) and dβ(t) = e−ψ(|t|)dα(t) for t ∈ Rn. Since e−ψ(|t|) ≤ 1, for all t ∈ Rn,
it is easy to see that β is also a complex Borel measure on Rn satisfying
∫
Rn
eψ(|x|)|dβ(x)| <∞.
Moreover, for any β ∈ M(Rn) satisfying the given condition, it defines a bounded linear functional
on the space (Cψ(R
n), ‖ · ‖ψ) in a similar manner as above. Hence the lemma is proved. 
First we will use Beurling’s result (Theorem 2.1) to prove the following weighted approximation
result on R :
Theorem 2.2. Let ψ : [0,∞)→ [0,∞) be a continuous, increasing function satisfying
(2.3)
∫ ∞
0
ψ(x)
1 + x2
dx =∞.
For any Λ ⊂ R such that Λ is of positive Lebesgue measure in R, ΦΛ(R) is dense in (Cψ(R), ‖ · ‖ψ).
Proof. Since ΦΛ(R) is a subspace of Cψ(R), in order to prove the result, it is enough to show that
for any bounded linear functional T on (Cψ(R), ‖ · ‖ψ), if T vanishes on the space ΦΛ(R), then T is
identically zero. Let us consider such a T ∈ (Cψ(R), ‖ · ‖ψ)
∗. From Lemma 2.1, we get a complex
Borel measure β on R such that
T (f) =
∫
R
f(t) dβ(t), for f ∈ Cψ(R),
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where β satisfies ∫
R
eψ(|x|)|dβ(x)| <∞.
Since T vanishes on the space ΦΛ(R), we get that∫
R
e−iλ·tdβ(t) = 0, ∀ λ ∈ Λ.
This implies that the function βˆ vanishes on the set Λ ⊂ R. So β satisfies all the conditions of
Theorem 2.1, from which it follows that β is identically zero. Hence we conclude that T ≡ 0. 
We wish to prove an analogue of the above result on Rn, in a way similar to Lemma 2.4 in [2]
which involves open sets in Rn. We note that an open set U ⊆ Rn always contains a set of the form
U1 × U2 × · · · × Un where each Uj ⊆ R is open in R for 1 ≤ j ≤ n. This is an important tool in
the technique of the proof of Lemma 2.4 in [2]. However, this property does not hold for sets of
positive Lebesgue measure in Rn. For example in R2 consider the set
E = {(x, y) ∈ [0, 1] × [0, 1] : x− y /∈ Q}.
Since E is a set of positive Lebesgue measure in R2, by inner regularity, there exists a compact set
K ⊂ E, also of positive Lebesgue measure. It will follow that K cannot contain Λ1 ×Λ2 such that
Λ1,Λ2 ⊂ R with m(Λ1),m(Λ2) > 0. If not, then Λ1×Λ2 = Λ1 × Λ2 ⊂ K. But as m(Λ1),m(Λ2) > 0,
it is known that Λ1 − Λ2 must contain an interval, which contradicts the definition of E. It is due
to this reason that we are led to incorporate the above property in the following definition.
We call Λ ⊂ Rn to be ‘a set of positive rectangle type’ if Λ contains a set of the form Λ1×· · ·×Λn,
where Λj ⊂ R for each 1 ≤ j ≤ n such that Λj has positive Lebesgue measure in R, that is,
m(Λj) > 0. In the following result, we will prove that if Λ ⊂ R
n is of positive rectangle type, then
the density of ΦΛ(R
n) in (Cψ(R
n), ‖ · ‖ψ) is characterized by the integral condition on ψ :
Theorem 2.3. Let ψ be a non-negative, continuous, increasing function on [0,∞). ΦΛ(R
n) is dense
in (Cψ(R
n), ‖ · ‖ψ) for any positive rectangle type set Λ ⊂ R
n if and only if
(2.4)
∫ ∞
0
ψ(x)
1 + x2
dx =∞.
Proof. First, we will assume (2.4) and prove the density of ΦΛ(R
n) in (Cψ(R
n), ‖·‖ψ). Let us define,
ψ0(x) =
ψ(x)
n
, for x ∈ [0,∞).
Since Λ is of positive rectangle type, there exists a set Γ of the form Γ = Λ1 × · · · ×Λn ⊆ Λ, where
Λj ⊂ R for each 1 ≤ j ≤ n such that m(Λj) > 0. We now consider the following spaces of functions
PΦΓ(R
n) = span
{
f : Rn → C : f(x1, · · · , xn) = f1(x1) · · · fn(xn), fj ∈ ΦΛj (R), 1 ≤ j ≤ n
}
,
PCψ0(R
n) = span {f : Rn → C : f(x1, · · · , xn) = f1(x1) · · · fn(xn), fj ∈ Cψ0(R), 1 ≤ j ≤ n} .
It is easy to see that PΦΓ(R
n) ⊆ ΦΛ(R
n) from the relation
eλ1(x1) · · · eλn(xn) = eλ(x), for λ = (λ1, · · · , λn) ∈ Λ1 × · · · × Λn and x = (x1, · · · , xn) ∈ R
n.
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It was shown in [2] that PCψ0(R
n) is dense in (Cψ(R
n), ‖ · ‖ψ). Since ΦΛ(R
n) ⊆ (Cψ(R
n), ‖ · ‖ψ),
in order to prove the result it is enough to prove that PΦΓ(R
n) is dense in (PCψ0(R
n), ‖ · ‖ψ). We
consider functions in PCψ0(R
n) of the form
f(x) = f1(x1) · · · fn(xn),
for fj ∈ Cψ0(R), for all 1 ≤ j ≤ n. Since m(Λj) > 0 for each j, for any 0 < ǫ < 1 applying Theorem
2.2 we get gj ∈ ΦΛj(R) such that for all 1 ≤ j ≤ n
sup
s∈R
|fj(s)− gj(s)|
eψ0(|s|)
< ǫ.
By triangle inequality we have,
sup
s∈R
|gj(s)|
eψ0(|s|)
≤ 1 + ‖fj‖ψ0 , for 1 ≤ j ≤ n.
Now we define g ∈ PΦΓ(R
n) by
g(x) = g1(x1) · · · gn(xn), for x = (x1, · · · , xn) ∈ R
n.
By defining
g0(y) = e
ψ0(|y|) = fn+1(y), y ∈ R,
we have for all x = (x1, · · · , xn) ∈ R
n,
|f(x)− g(x)|
eψ(|x|)
≤
|f1(x1) · · · fn(xn)− g1(x1) · · · gn(xn)|
eψ0(|x1|) · · · eψ0(|xn|)
≤
n∑
k=1
|fk(xk)− gk(xk)|
eψ0(|xk|)
 n+1∏
j=k+1
|fj(xj)|
eψ0(|xj |)
k−1∏
j=0
|gj(xj)|
eψ0(|xj |)

≤ ǫ n
n∏
j=1
(1 + ‖fj‖ψ0)
≤ Cǫ.
This proves the first part of the result.
For the converse part, let us assume that ΦΛ(R
n) is dense in (Cψ(R
n), ‖ · ‖ψ) for any positive
rectangle type set Λ ⊂ Rn. If possible, let∫ ∞
0
ψ(x)
1 + x2
dx <∞.
By Theorem 2.6(b) of [2], we get a non-zero f ∈ C∞c (R
n) satisfying
|f̂(ξ)| ≤ Ce−ψ(|ξ|) for all ξ ∈ Rn.
Again, applying Lemma 2.5 of [2], there exists a non-zero continuous function F on Rn which
vanishes on a non-empty open subset of Rn and satisfies
(2.5)
∫
Rn
|F̂ (ξ)|eψ(|ξ|)dξ <∞.
We define a non-zero complex Borel measure µ on Rn by
dµ(x) = F̂ (x)dx.
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By Lemma 2.1, it follows from (2.5) that µ ∈ (Cψ(R
n), ‖ · ‖ψ)
∗. Moreover, since both µ̂ and F are
continuous functions on Rn, µ̂ also vanishes on an open set, say U ⊂ Rn. This implies that as a
bounded linear functional on (Cψ(R
n), ‖ · ‖ψ), µ vanishes on ΦU (R
n). Since U is a set of positive
rectangle type, using the density of ΦU (R
n) in (Cψ(R
n), ‖·‖ψ), we can conclude that µ is identically
zero, which gives a contradiction. Hence the result is proved. 
Now we will prove the density of ΦΛ(R
n) in another class of Banach space, Lp(Rn, µ) for 1 ≤
p <∞, the space of Lp functions with respect to µ, where µ is a finite positive measure satisfying
certain conditions. This is actually a consequence of the above result (Theorem 2.3) along with
a well-known result by A. Bakan (see Theorem 14 of [8]). For the sake of completeness we will
provide a direct proof.
Theorem 2.4. Let ψ : [0,∞)→ [0,∞) be a continuous increasing function such that
(2.6)
∫ ∞
0
ψ(x)
1 + x2
dx =∞
and µ be a positive measure satisfying
(2.7)
∫
Rn
eψ(|x|)dµ(x) <∞.
For any set of positive rectangle type Λ ⊂ Rn, the space ΦΛ(R
n) is dense in Lp(Rn, µ), 1 ≤ p <∞.
Proof. Since Cc(R
n) is dense in Lp(Rn, µ), for 1 ≤ p < ∞ it is enough to prove that ΦΛ(R
n) is
dense in Cc(R
n) with respect to the corresponding ‖ · ‖p norm of L
p(Rn, µ), for 1 ≤ p < ∞. We
define
ψ1(x) =
ψ(x)
p
, for all x ∈ [0,∞).
From (2.6), it easily follows that ψ1 is a continuous increasing function satisfying∫ ∞
0
ψ1(x)
1 + x2
dx =∞.
We consider f ∈ Cc(R
n) ⊆ Cψ1(R
n). Given any ǫ > 0, from Theorem 2.3 we get g ∈ ΦΛ(R
n) such
that ‖f − g‖ψ1 < ǫ. From (2.7) we get C > 0 such that
‖f − g‖pp =
∫
Rn
|f(x)− g(x)|p
epψ1(|x|)
eψ(|x|)dµ(x) ≤ ‖f − g‖pψ1
∫
Rn
eψ(|x|)dµ(x) < Cǫp.
Hence the result is proved. 
Remark 2.2. It follows from the proof of Theorem 14 of [8] that if ΦΛ(R
n) is dense in Lp(Rn, µ),
for a finite positive measure µ on Rn, then there exists ψ satisfying (2.7) such that ΦΛ(R
n) is dense
in (Cψ(R
n), ‖ · ‖ψ).
2.2. Beurling’s Theorem. We will now prove some several variable analogues of Beurling’s result
on R (Theorem 2.1). Our proof will follow the ideas used in [2] to prove the analogue of Levinson’s
Theorem. Accordingly, a main ingredient of the proof is the density of a linear span of exponentials
ΦΛ(R
n) in the Banach spaces (Cψ(R
n), ‖ · ‖) and Lp(Rn, µ), which we have already proved in
Theorem 2.3 and Theorem 2.4. We have the following analogue of Theorem 2.1 on Rn:
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Theorem 2.5. Let ψ : [0,∞) → [0,∞) be a continuous, increasing function such that ψ(x) → ∞
as x→∞ and
I =
∫ ∞
0
ψ(x)
1 + x2
dx.
(a) Let µ be a complex Borel measure on Rn satisfying
(2.8)
∫
Rn
eψ(|x|)|dµ(x)| <∞.
If µ̂ vanishes on a set Λ ⊂ Rn of positive rectangle type and I = ∞, then µ is identically
zero.
(b) If I is finite, then there exists a non-trivial complex Borel measure µ on Rn satisfying (2.8)
such that µ̂ vanishes on a set of positive rectangle type.
Proof. First we shall prove (a). Since the complex Borel measure µ satisfies (2.8), from Lemma
2.1 we have that µ ∈ (Cψ(R
n), ‖ · ‖ψ)
∗, that is, there is a bounded linear functional Tµ on Cψ(R
n)
defined by
Tµ(g) =
∫
Rn
g(x)dµ(x), for g ∈ Cψ(R
n).
Since µ̂ vanishes on Λ ⊂ Rn, we have
Tµ(eλ) = µ̂(λ) = 0, for λ ∈ Λ.
Moreover, as ΦΛ(R
n) is spanned by such eλ’s, it follows that
Tµ(φ) = 0, for φ ∈ ΦΛ(R
n).
Since Λ ⊂ Rn is a set of positive rectangle type, applying Theorem 2.3 we get that Tµ is identically
zero on Cψ(R
n). Hence we can conclude that µ is identically zero. This proves part (a).
Now we shall prove (b). If I is finite, from Theorem 2.3 we obtain a set Λ ⊂ Rn of positive
rectangle type such that the subspace ΦΛ(R
n) is not dense in (Cψ(R
n), ‖ · ‖ψ). So there exists a
non-zero complex Borel measure µ ∈ (Cψ(R
n), ‖·‖ψ)
∗ satisfying equation (2.8) (follows from Lemma
2.1) such that µ(ΦΛ) ≡ 0. This implies that µ̂ vanishes on Λ. Hence the theorem is proved. 
It clearly follows that the above result is true for f ∈ Lp(Rn), for 1 ≤ p ≤ 2 instead of the
complex measure µ. However, using the duality of Lp spaces and Theorem 2.4, in a similar manner
as above we get the following analogue of Theorem 2.1 on Rn for f ∈ Lp(Rn, µ), 1 < p ≤ 2, where µ
is a positive measure satisfying certain condition. We note that since we do not have Theorem 2.4
for p =∞ and we have used duality argument in the proof, we do not get the result for L1(Rn, µ).
Theorem 2.6. Let ψ : [0,∞)→ [0,∞) be a continuous increasing function such that∫ ∞
0
ψ(x)
1 + x2
dx =∞
and µ be a positive measure satisfying ∫
Rn
eψ(|x|)dµ(x) <∞.
If f ∈ Lp(Rn, µ), for 1 < p ≤ 2, is such that f̂ vanishes on Λ ⊂ Rn, where Λ is a set of positive
rectangle type, then f is identically zero.
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3. On the n-dimensional torus Tn
In this section we will prove analogues of Theorem 2.3 and Theorem 2.5 on the n-dimensional
torus
Tn =
{(
eix1 , · · · , eixn
)
: x1, · · · , xn ∈ [−π, π)
}
.
Clearly we can identify Tn with [−π, π)n which is of finite Lebesgue measure in Rn. As in the case
of Rn, functions vanishing on a set of positive Lebesgue measure inside Tn certainly makes sense.
Moreover, Tn being a set of finite Lebesgue measure, it is enough to consider functions in L1(Tn).
For f ∈ L1(Tn), we define its Fourier coefficients by the formula,
f̂(k) =
1
(2π)n
∫
Tn
f(x)e−ix·kdx, for k ∈ Zn.
In order to prove these results, we need to proceed as in the previous section. First, in a similar
way as Rn, we will restate Theorem 1.2:
Theorem 3.1. Let f ∈ L2(T) and ψ be an increasing non-negative function on N ∪ {0} satisfying
the following conditions:
∞∑
k=0
|f̂(k) eψ(k)|2 < ∞,
∞∑
k=0
ψ(k)
1 + k2
= ∞.
If f vanishes on a set of positive Lebesgue measure in T, then f is zero almost everywhere.
3.1. Density of Exponentials. For any function ψ : [0,∞) → [0,∞) such that ψ(x) → ∞ as
x→∞, we consider the space of sequences over Zn defined by
cψ(Z
n) =
{
(ak)k∈Zn : lim
|k|→∞
ak
eψ(|k|)
= 0
}
.
It is easy to see that (cψ(Z
n), ‖ · ‖ψ) is a normed linear space where
‖A‖ψ = sup
k∈Zn
|ak|
eψ(|k|)
, for A = (ak)k∈Zn ∈ cψ(Z
n).
We define the Banach space (c0(Z
n), ‖ · ‖∞) of sequences vanishing at infinity by
c0(Z
n) =
{
(ak)k∈Zn : lim
|k|→∞
ak = 0
}
.
As in the case of Rn, we will need to calculate the dual of (cψ(Z
n), ‖ · ‖ψ) explicitly.
Lemma 3.1. (cψ(Z
n), ‖ · ‖ψ) is a Banach space isometrically isomorphic to (c0(Z
n), ‖ · ‖∞) and its
dual is given by
(cψ(Z
n), ‖ · ‖ψ)
∗ =
{
(dk)k∈Zn ∈ l
1(Zn) :
∑
k∈Zn
eψ(|k|)|dk| <∞
}
.
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Proof. First, we define a bijective linear isometry Tψ : (c0(Z
n), ‖ · ‖∞)→ (cψ(Z
n), ‖ · ‖ψ) such that
Tψ(A) = A
ψ = (aψk )k∈Zn , for A = (ak)k∈Zn ∈ c0(Z
n),
where aψk = e
ψ(|k|)ak for all k ∈ Z
n. So we get a natural bijection between the respective dual
spaces, given by
(cψ(Z
n), ‖ · ‖ψ)
∗ → (c0(Z
n), ‖ · ‖∞)
∗
L 7→ L ◦ Tψ.
It is well known that the dual of (c0(Z
n), ‖ · ‖∞) is (l
1(Zn), ‖ · ‖1) where
l1(Zn) =
{
(ak)k∈Zn :
∑
k∈Zn
|ak| <∞
}
,
that is, given any bounded linear functional L0 on c0(Z
n), we get C = (ck)k∈Zn ∈ l
1(Zn) such that
L0(A) =
∑
k∈Zn
akck, for A = (ak)k∈Zn ∈ c0(Z
n).
Thus for L ∈ (cψ(Z
n), ‖ · ‖ψ)
∗, we get C = (ck)k∈Zn ∈ l
1(Zn) such that
L(B) = (L ◦ Tψ)(B
−ψ) =
∑
k∈Zn
b−ψk ck =
∑
k∈Zn
bke
−ψ(|k|)ck =
∑
k∈Zn
bkdk, for B = (bk)k∈Zn ∈ cψ(Z
n),
where
B−ψ = (b−ψk )k∈Zn = (e
−ψ(|k|)bk)k∈Zn ∈ c0(Z
n),
(dk)k∈Zn = (e
−ψ(|k|)ck)k∈Zn .
So D = (dk)k∈Zn ∈ l
1(Zn) satisfies
∑
k∈Zn
eψ(|k|)|dk| <∞. Again, for D = (dk)k∈Zn ∈ l
1(Zn) satisfying
the given condition, it defines a bounded linear functional on the space (cψ(Z
n), ‖ · ‖ψ) in a similar
manner as above. Hence the lemma is proved. 
Given Λ ⊂ Tn, we consider the linear span of exponentials given by
ΦΛ(Z
n) = span{Eλ : λ ∈ Λ}, where Eλ =
(
eiλ·k
)
k∈Zn
.
We will now prove the density of the subspace ΦΛ(Z) in cψ(Z) for certain Λ ⊂ T.
Theorem 3.2. Let ψ : [0,∞)→ [0,∞) be an increasing function satisfying
∞∑
k=0
ψ(k)
1 + k2
=∞.
For any Λ ⊂ T such that Λ is of positive Lebesgue measure, ΦΛ(Z) is dense in (cψ(Z), ‖ · ‖ψ).
Proof. We consider a bounded linear functional L on (cψ(Z), ‖ · ‖ψ) which vanishes on the space
ΦΛ(Z). From Lemma 3.1, we get a sequence D = (dk)k∈Z ∈ l
1(Z) satisfying
(3.1)
∑
k∈Z
eψ(|k|)|dk| <∞
such that
(3.2) L(B) =
∑
k∈Z
bk dk, for B = (bk)k∈Z ∈ cψ(Z).
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Since l1(Z) ⊂ l2(Z), we have D ∈ l2(Z). So we get g ∈ L2(T) such that ĝ(k) = dk for all k ∈ Z.
Since L vanishes on ΦΛ(Z), using (3.2) we have
L(Eλ) =
∑
k∈Z
eiλ·kdk = 0, for all λ ∈ Λ.
It follows that g(λ) = 0 for almost every λ ∈ Λ, a set of positive Lebesgue measure inside T.
Moreover, from (3.1) we get that
∞∑
k=0
e2ψ(k)|ĝ(k)|2 <∞.
So we can apply Theorem 3.1 to g, to conclude that g ≡ 0. It follows that dk = 0, for all k ∈ Z.
Hence L is identically zero and the result follows. 
Now, we will look at the n-dimensional case. By slight abuse of notation, we call Λ ⊂ Tn to
be ‘a set of positive rectangle type’ if there exists Λ1, · · · ,Λn ⊂ T such that Λ1 × · · · × Λn ⊆ Λ
and m(Λj) > 0 for each j. We will prove that the density of ΦΛ(Z
n) in (cψ(Z
n), ‖ · ‖ψ) is also
characterized by the integrability condition on ψ :
Theorem 3.3. Let ψ be a non-negative increasing function on [0,∞). ΦΛ(Z
n) is a dense subspace
in (cψ(Z
n), ‖ · ‖ψ) for any set Λ ⊂ T
n of positive rectangle type if and only if
(3.3)
∞∑
k=0
ψ(k)
1 + k2
=∞.
Proof. First we will prove the density of ΦΛ(Z
n) in (cψ(Z
n), ‖ · ‖ψ) assuming (3.3). We will reduce
the problem to the case n = 1 and then apply Theorem 3.2 to get the result. Let us define, for
x ∈ [0,∞),
ψ0(x) =
ψ(x)
n
.
Since Λ is of positive rectangle type, there exists a set Γ of the form Γ = Λ1 × · · · ×Λn ⊆ Λ, where
Λj ⊂ T for each 1 ≤ j ≤ n such that m(Λj) > 0.
We consider the space c00(Z
n) of eventually zero sequences over Zn given by
c00(Z
n) = {(ak)k∈Zn : ∃m ≥ 0 such that ak = 0 for |k| > m} .
Now, we will define the following spaces of functions
PΦΓ(Z
n) = span
{
(ek)k=(k1,··· ,kn)∈Zn : ek = e
1
k1
· · · enkn , (e
j
m)m∈Z ∈ ΦΛj(Z), 1 ≤ j ≤ n
}
⊆ ΦΛ(Z
n),
Pcψ0(Z
n) = span
{
(bk)k=(k1,··· ,kn)∈Zn : bk = b
1
k1
· · · bnkn , (b
j
m)m∈Z ∈ cψ0(Z), 1 ≤ j ≤ n
}
⊆ cψ(Z
n),
Pc00(Z
n) = span
{
(ak)k=(k1,··· ,kn)∈Zn : ak = a
1
k1
· · · ankn , (a
j
m)m∈Z ∈ c00(Z), 1 ≤ j ≤ n
}
⊆ c00(Z
n).
We consider the following diagram for our convenience:
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PΦΓ(Z
n) ΦΛ(Z
n)
Pcψ0(Z
n) cψ(Z
n)
Pc00(Z
n) c00(Z
n)
τ1
j1 i1
τ
j2
τ2
i2
Since Γ ⊂ Λ, the inclusion τ1 : PΦΓ(Z
n)→ ΦΛ(Z
n) is easy to see. It follows from the definition
of c00(Z
n) that the inclusion τ2 : Pc00(Z
n) → c00(Z
n) is actually an identity. Now, we will prove
that τ : Pcψ0(Z
n) → cψ(Z
n) is an inclusion. Since ψ0 is increasing, for any (bk)k=(k1,··· ,kn)∈Zn ∈
Pcψ0(Z
n), we have
|bk|
eψ(|k|)
=
|b1k1 | · · · |b
n
kn
|
enψ0(|k|)
≤
|b1k1 |
eψ0(|k1|)
· · ·
|bnkn |
eψ0(|kn|)
.
If |k| → ∞ for k ∈ Zn, there is 1 ≤ p ≤ n such that |kp| → ∞. Since (b
p
m)m∈Z ∈ cψ0(Z), we get that
lim
|kp|→∞
|bpkj |
eψ0(|kp|)
= 0.
Also,
(
|bjm|
eψ0(|m|)
)
m∈Z
are bounded for all 1 ≤ j ≤ n. So we conclude that (bk)k∈Zn ∈ cψ(Z
n).
Modifying the standard argument used to prove that c00 is dense in (c0, ‖ · ‖∞), it is easy to see
that c00(Z
n) is dense in (cψ(Z
n), ‖ ·‖ψ). Moreover, since c00(Z
n) = Pc00(Z
n) ⊂ Pcψ0(Z
n) ⊂ cψ(Z
n),
it follows that Pcψ0(Z
n) is dense in (cψ(Z
n), ‖ · ‖ψ).
In order to prove the result that ΦΛ(Z
n) is dense in (cψ(Z
n), ‖ · ‖ψ), it remains to show that
PΦΓ(Z
n) is dense in (Pcψ0(Z
n), ‖ · ‖ψ). For this, it is enough to consider B = (bk)k∈Zn ∈ Pcψ0(Z
n)
of the form
bk = b
1
k1
· · · bnkn , for k = (k1, · · · , kn) ∈ Z
n,
where Bj = (bjm)m∈Z ∈ cψ0(Z) for 1 ≤ j ≤ n. Since m(Λj) > 0 for each j and (3.3) is true for ψ0 as
well, applying Theorem 3.2 we get that ΦΛj(Z) is dense in (cψ0(Z), ‖ · ‖ψ0). So for any 0 < ǫ < 1,
we get Ej = (ejm)m∈Z ∈ ΦΛj(Z) such that
‖Ej −Bj‖ψ0 = sup
m∈Z
|bjm − e
j
m|
eψ0(|m|)
< ǫ, for each 1 ≤ j ≤ n.
By triangle inequality we have,
‖Ej‖ψ0 < 1 + ‖B
j‖ψ0 , for each 1 ≤ j ≤ n.
Now we define E = (ek)k∈Zn ∈ PΦΓ(Z
n) by
ek = e
1
k1
· · · enkn , for k = (k1, · · · , kn) ∈ Z
n,
and e0m = e
ψ0(|m|) = bn+1m , for m ∈ Z.
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Since ψ = nψ0 is increasing, for k = (k1, · · · , kn) ∈ Z
n we get that
|bk − ek|
eψ(|k|)
≤
|b1k1 · · · b
n
kn
− e1k1 · · · e
n
kn
|
eψ0(|k1|) · · · eψ0(|kn|)
≤
n∑
j=1
|bjkj − e
j
kj
|
eψ0(|kj |)
j−1∏
p=0
|epkp |
eψ0(|kp|)
n+1∏
p=j+1
|bpkp |
eψ0(|kp|)

< ǫ n
n∏
j=1
(1 + ‖Bj‖ψ0)
≤ Cǫ.
So we get that ‖B − E‖ψ < Cǫ. This proves the first part.
For the converse part, let us assume that ψ : [0,∞)→ [0,∞) is an increasing function satisfying
∞∑
k=0
ψ(k)
1 + k2
=∞.
Since ψ is increasing, it is easy to see that∫ ∞
0
ψ(x)
1 + x2
dx <∞.
Now, we can choose ǫ > 0 and a ∈ Tn in such a way that B(0, ǫ) and B(a, 2ǫ) are disjoint subsets
inside Tn. By Theorem 2.6 (b) of [2], we get a non-zero radial function g ∈ C∞c (R
n) supported
inside B(0, ǫ) satisfying
|ĝ(ξ)| ≤ Ce−ψ(|ξ|), for all ξ ∈ Rn.
We define
h(x) = (2π)n
∑
m∈Zn
g(x+ 2πm), for x ∈ Tn.
We note that the choice of ǫ implies that h = g|Tn and h ∈ C
∞(Tn). Moreover, by Poisson
summation formula, we have
|ĥ(m)| = |ĝ(m)| ≤ Ce−ψ(|m|), for all m ∈ Zn.
Now, let us define f = h ∗ h ∈ C∞(Tn) which is non-zero (since h is non-zero) and vanishes on
B(a, ǫ) because h vanishes on B(a, 2ǫ). So we get that
|f̂(m)| ≤ Ce−ψ(|m|)|ĥ(m)|, for all m ∈ Zn.
Since h ∈ C∞(Tn), we obtain ĥ ∈ l1(Zn) which implies that∑
m∈Zn
|f̂(m)|eψ(|m|) <∞.
Therefore by Lemma 3.1, we get that f̂ ∈ (Cψ(Z
n), ‖ · ‖ψ)
∗. Moreover, since f ∈ C∞(Tn) vanishes
on the set Λ = B(a, ǫ), we have f̂ vanishes on ΦΛ(Z
n). Since f is non-zero, we can conclude that
the space ΦΛ(Z
n) is not dense in (Cψ(Z
n), ‖ · ‖ψ) for some positive rectangle type set Λ. 
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3.2. Beurling’s Theorem. We will prove Beurling’s result on the torus Tn. For this, we will need
the following lemma regarding a set of positive rectangle type.
Lemma 3.2. If Λ ⊂ Tn is a set of positive rectangle type and E is a closed set of zero Lebesgue
measure, then Λ \ E is also a set of positive rectangle type.
Proof. It is known that every open set in Rn can be written as a countable union of almost disjoint
closed cubes. Since E is closed in Tn, there exist almost disjoint closed rectangles {Ak}k∈N inside
Tn such that
Ec =
⋃
k∈N
Ak.
Since Λ is a set of positive rectangle type, we have Λj ⊂ T such that Γ = Λ1 × · · · × Λn ⊆ Λ and
m(Λj) > 0, for all 1 ≤ j ≤ n. So we get that
Γ \E =
⋃
k∈N
Γ ∩Ak.
As E is a set of zero Lebesgue measure, Γ\E is a set of positive Lebesgue measure and hence there
exists m ∈ N such that Γ ∩Am is a set of positive Lebesgue measure. Now, we define
Γj = (Projection of Am on j
th coordinate axis) ∩ Λj, for 1 ≤ j ≤ n.
Since Am is a rectangle in T
n, it is easy to see that
Γ1 × · · · × Γn = Γ ∩Am.
It follows that m(Γj) > 0 for all 1 ≤ j ≤ n. Hence we can conclude that Λ \ E is a set of positive
rectangle type. 
Remark 3.1. The above result may not be true if the set E is not assumed to be closed. For
example, if we consider the set
F = {(x, y) ∈ [0, 1] × [0, 1] : x− y ∈ Q}
of zero Lebesgue measure inside the positive rectangle type set Λ = [0, 1] × [0, 1], then Λ \ F is not
a set of positive rectangle type.
Now, we will use Theorem 3.3 to prove Beurling’s theorem on Tn. We note here that the original
result on the unit circle T (Theorem 3.1) was for functions in L2(T). However, we have been able
to improve the following result for functions in L1(Tn).
Theorem 3.4. Let ψ : [0,∞) → [0,∞) be an increasing function such that ψ(x) →∞ as x→ ∞
and
S =
∞∑
k=0
ψ(k)
1 + k2
.
(a) Suppose f ∈ L1(Tn) is such that
(3.4)
∑
k∈Zn
|f̂(k)|eψ(|k|) <∞.
If f vanishes on a set Λ ⊂ Tn of positive rectangle type and I = ∞, then f is zero almost
everywhere.
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(b) If I is finite, then there is a non-zero f ∈ C∞(Tn) vanishing on a set of positive rectangle
type Λ ⊂ Tn satisfying (3.4).
Proof. First we shall prove (a). Since f ∈ L1(Tn) and (f̂(k))k∈Zn ∈ l
1(Zn) (follows from (3.4)), the
Fourier series of f converges absolutely and uniformly to a continuous function g on T, that is,
(3.5) g(λ) =
∑
k∈Zn
f̂(k)eik·λ, for all λ ∈ Tn.
Moreover, f = g almost everywhere. So we get that
N = {x ∈ Tn : f(x) 6= g(x)}
is a set of zero Lebesgue measure.
We claim that g also vanishes on a set of positive rectangle type. To prove this, we consider the
open set
O = {x ∈ Tn : g(x) 6= 0}.
Since Λ is a set of positive rectangle type in Tn, using regularity of the Lebesgue measure, without
loss of generality we can assume that Λ is closed in Tn. Now we define
E = Λ ∩O,
which is a set of zero Lebesgue measure as E ⊆ N. Since Λ is closed and O is open, it follows that
E \ E ⊆ Λ ∩ (O \O)
is a set of zero Lebesgue measure. So we get that E is also a set of zero Lebesgue measure. Thus by
Lemma 3.2, F = Λ \E is a set of positive rectangle type in Tn. Moreover, g vanishes on F because
F ⊆ Λ \ E = Λ \O ⊆ Oc.
This proves our claim.
Finally, we will prove that f̂(k) = 0 for all k ∈ Zn. Since (f̂(k))k∈Zn satisfies (3.4), from Lemma
3.1 we get that (f̂(k))k∈Zn ∈ (cψ(Z
n), ‖ · ‖ψ)
∗, that is, there is a bounded linear functional Tf on
cψ(Z
n) given by
(3.6) Tf (A) =
∑
k∈Zn
f̂(k) ak, for A = (ak)k∈Zn ∈ cψ(Z
n).
Now, as g vanishes on F, from (3.5) and (3.6) we get that Tf vanishes on the set ΦF (Z
n). Since F
is a set of positive rectangle type and S = ∞, we get from Theorem 3.3 that ΦF (Z
n) is dense in
(cψ(Z
n), ‖·‖ψ). So it follows that Tf is identically zero. Hence we conclude that f̂(k) = 0 for all k ∈
Zn. This proves (a).
For part (b), if S <∞, the function f constructed in the proof of converse part of Theorem 3.3
serves our purpose. This completes the proof. 
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